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generalized Nosé—Poincaré—Andersen method
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The multibaric—multithermal (MUBATH) algorithm is a generalized-ensemble algorithm with which a random walk both in
potential-energy space and in volume space is realized. The MUBATH simulation thus can escape from any local-minimum
free-energy states and one can obtain thermodynamic quantities as functions of any temperature and pressure from a single
simulation run. We applied the MUBATH molecular dynamics (MD) algorithm to an alanine dipeptide in explicit water. The
MUBATH algorithm sampled a wide range of the dihedral-angle space and enabled the simulation to investigate peptide

structures including those which cannot be sampled by the conventional isobaric—isothermal simulation.
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1. Introduction

Peptides and proteins have complicated free energy
surfaces with many local minima. Conventional molecular
dynamics (MD) and Monte Carlo (MC) simulations in the
canonical or isobaric—isothermal ensemble tend to get
trapped in these local minima and can sample only a
limited range of configurational space (giving wrong
results). In order to avoid this difficulty, generalized-
ensemble simulations are commonly performed (for
recent reviews, see Ref. [1]). One of the most well-
known generalized-ensemble algorithms is the multi-
canonical algorithm [2-5]. In the multicanonical
ensemble, a non-Boltzmann weight factor is used so that
a free one-dimensional random walk in the potential-
energy space may be realized. Thus, a simulation with this
algorithm does not get trapped in free-energy-minimum
states and is able to sample a wide range of the
configurational space. It is also possible to obtain various
canonical-ensemble averages in a wide range of
temperature 7 from a single simulation run by the
reweighting techniques [6]. However, the simulation is
performed in a fixed volume and we cannot specify
pressure as in experimental environment.

In order to overcome this difficulty, we recently
proposed the multibaric—multithermal (MUBATH) MC
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[7-9] and MD [10,11] methods. This is an extension of
the multicanonical simulation to realize two-dimensional
random walks not only in the potential-energy space but
also in the volume space. The MUBATH algorithm has the
following advantages: (1) It allows the simulation to
escape from any local-minimum-energy state and to
sample the configurational space more widely than the
conventional isobaric—isothermal method. (2) One can
obtain various isobaric—isothermal ensembles not only at
any temperature as in the multicanonical algorithm, but
also at any pressure from only one simulation run. (3) One
can control pressures and temperatures so that we can
compare the simulation results with those by experiments
under the same condition.

The MUBATH algorithm has been utilized to calculate
the equation of states for a super critical fluid [7,8,10,11]
and to investigate the liquid—gas phase transition of a
Lennard—Jones fluid [9]. In this article, we apply the
MUBATH MD method to an alanine dipeptide in explicit
water. This is the first work to apply the MUBATH MD
algorithm to a biomolecular system.

In Section 2, the algorithm of the MUBATH MD
method is explained. Computational details of our
MD simulations are described in Section 3. Results and
discussion are presented in Section 4. Section 5 is devoted
to conclusions.
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2. Methods

In the isobaric—isothermal ensemble [12], the distribution
Pypr(E, V) for potential energy E and volume Vis given by

Prpr(E, V) = n(E,V)e PH, (1

where n(E, V) is the density of states as a function of £ and
V, Bo is the inverse of the product of the Boltzmann
constant kg and absolute temperature 7, at which
simulations are performed and H is the “enthalpy”
(without the kinetic energy contributions):

H=E+PyV. 2)

Here, P, is the pressure at which simulations are
performed. This ensemble has bell-shaped distributions
both in the potential-energy space and in the volume
space.

In the MUBATH ensemble [7-11], every state is
sampled with a weight factor

Win(E, V) = exp{ — BoHmw(E, V)} 3

so that a uniform distribution for both E and V may be
obtained:

Puont(E, V) = n(E, V)W (E, V) = constant.  (4)

Here, Wy (E,V) and Hy are referred to as the
MUBATH weight factor and the MUBATH enthalpy,
respectively. The difference between H e and H is written
as 6H(E,V):

Huww(E,V)=H+ S6H(E,V). 5)

The difference 6H(E, V) is characteristic of the MUBATH
simulation.

In this article, the AMBER parm96 force field [13] was
used for the peptide and a rigid-body model of the TIP3P
force field [14] was used for water molecules. Let the
number of atoms in the flexible peptide molecule be N and
that of the rigid-body water molecules be M. Atoms in the
flexible model molecule are treated in the same way as
monatomic molecules in the MD simulations. The
Hamiltonian H, for the present system is given by the
combination of the MUBATH Hamiltonian [10,11] with
the Hamiltonian for rigid-body molecules in the isobaric—
isothermal ensemble [15]. The isobaric—isothermal
Hamiltonian is based on the Nosé thermostat [16,17] and
the Andersen barostat [12] with the rigid-body-molecule

Hamiltonian [18]:

N+M =2

_ Pi
Hmbt - Z; 2m,-V2/3s2

M

. ~

+> 57 7 8(a))D;S" (@)
=

2

+ E(V'/F,q) +P—2V+Pov i
T ow 20

+ gkgTolog s + SH(E(V ', q), V),  (6)

where the subscript i takes both of the N atoms and the M
rigid-body molecules and j takes only M rigid-body
molecules. The variable F; is the scaled coordinates by the
length of the simulation box: ¥; = V~13y, (r; is the real
coordinate). We have introduced a simplified notation for
the set of the scaled coordinates: ¥ = {¥, >, ..., Fyya}-
When i indicates a rigid-body molecule, r; stands for the
coordinate of its center of mass. The variable p; is the
conjugate momentum for ¥;. The real momentum p; is
related to the virtual momentum p,; by p; = p;/ V13,
where s is the additional degree of freedom for the Nosé
thermostat. The variables Py and P, are the conjugate
momenta for Vand that for s, respectively. The constant m;
is the mass of atom i or rigid-body molecule i. The
constants Wand Q are the artificial “mass” related to Vand
s, respectively. The real time interval Az is associated with
the virtual time interval A7 by the relation Az = A7/s. In the
case of the system consisting of N atoms and M rigid-body
molecules, g equals 3N + 6M if the time development is
performed in the real time ¢, or g equals 3N 4 6M + 1 if the
time development is performed in the virtual time 7. The
variable q is a quaternion which indicates the orientation of
the rigid-body molecule. The element of the matrix S(q) is
given by

9 —q91 —q92 43

q 90 43 G2

S(q) = _ | (7

92 93 90 q1

3 —q92 q1 q0
The variable 7i; is the conjugate momentum for q ;. The real
momentum of the quaternion 1 is related to 4t; by m; =

7;/s. The matrix D is a 4 X 4 matrix consisting of the
inverse of the principal moments of inertia I, I, and I5:

0 0 0 0

o ;' 0 0
D=1o o LYoo | ®)
0 0 0 L'

The equations of motion are obtained from the
Hamiltonian in equation (6). In order to write the
equations of motion more elegantly, we may introduce
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the angular velocity
® = (01, w2, w3)" )
and the four-dimensional angular velocity
0@ = (0,01, 0, 03)", (10)

where w;, w,, and w5 are the angular velocity along each
of the corresponding principal axes. The equations of
motion in the real time development are then given by

. Pi v
=2 T 11
I m,-+3Vr” (11)
96H vV o5
pi=(1+—— |Fi— (5 +- |ps, 12
P (+ 6E> (3V+s)p (12)
b = 8(g)e® (13)
qj_2 quj»

) §
ijj = (1 +E>NJ —w X (ijj) - Eljwj, (14)

V=s— (15)

. 1 N+Mp; aSH\ VM
Py = - —L 1 — Fi'i
v S[SV{Zmi—l—( + aE)Z r

= (16)

§=s5—, (17)

) N+M p2 M
Py=Y" "+ o'l — gksTo, (18)

=1 M =

where I is the 3 X 3 diagonal matrix whose diagonal
elements are I, I, and I5. The vector F; stands for the force
acting on the atom i if i indicates an atom in the flexible
molecule or the total force on all the atoms in molecule i if
i indicates a rigid-body molecule. The vector N; is the
torque of molecule j. Performing the MD simulation by
these equations of motion in equations (11)—(18), the
MUBATH distribution P (E,V) in equation (4) is
realized.

For the actual time development in equations (11)—
(18), a symplectic integrator was employed in the present
simulations. We used the symplectic time-development
formalism [15] which is based on the Nosé—Poincaré
thermostat [19,20], the Andersen barostat [12] and the
symplectic quaternion scheme [18]. The Nosé—Poincaré
thermostat gives the same equations of motion as the Nosé
thermostat and provides a symplectic integrator. Combin-
ing these three algorithms, we perform the time
development by the symplectic integrator throughout the
simulation. The symplectic integrator has the advantage
that the secular deviation of the value of the Hamiltonian
is suppressed.

In the case of

ISH(E,V) _9SH(E,V)

SH(E,V) =
OE FY%

0, 19)

the Hamiltonian in equation (6) and the equations of
motion in equations (11)—(18) become those for the
isobaric—isothermal MD simulation of the Nosé-
Andersen formulation for the system consisting of both
flexible and rigid-body molecules. The MUBATH weight
factor is, however, not a priori known and has to be
determined by the usual iterations of short simulations
[21,22].

After an optimal weight factor W (E,V) is deter-
mined, a long production run is performed for data
collection. We use the reweighting techniques [6] for the
results of the production run to calculate the isobaric—
isothermal-ensemble averages. The probability distri-
bution Pppr(E,V;T,P) in the isobaric—isothermal
ensemble at the desired temperature 7 and pressure P is
given by

Pmbt(Ea V) WT;[I)[(Ev V)eiﬁ(E-H)V)
[AV [AEPun(E, V)W L (E,V)e  BEPV)
(20)
The expectation value of a physical quantity A at Tand P is
then obtained from

Pypr(E,V,T,P)=

<A>NPT:JdVJdEA(Ea V)Pypr(E,V:T,P) 21

_(AEVIW o (E V)e PEFY)
<Wr:1ét (E, V)C_B(E+PV)>mbt 7

(22)

where (---),.1, is the MUBATH ensemble average. Because
of the random walks both in the potential-energy space
and in the volume space, we can calculate physical
quantities in wide ranges of T and P.

3. Computational details

The MUBATH MD simulation was performed for a
system consisting of one alanine dipeptide molecule (N-
acetyl-alanine-N'-methylamide) and 63 water molecules.
We used the AMBER parm96 force field [13] for the
alanine dipeptide molecule and the TIP3P [14] rigid-body
model for the water molecules. The initial values of the
alanine dipeptide dihedral-angles were ¢ = iy = 180° as
shown in figure 1. We employed a cubic unit cell with

Figure 1. The initial condition of alanine dipeptide. Its dihedral angles
are ¢ = iy = 180°.
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periodic boundary conditions. The electrostatic potential
was calculated by the Ewald method. We calculated the
van der Waals interaction, which is given by the Lennerd—
Jones term, of all pairs of the molecules within the
minimum image convention instead of introducing the
spherical potential cutoff. The time step was taken as
At = 0.51s.

In order to obtain an optimal MUBATH weight factor
Wbt(E, V), a two-dimensional version [9] of the energy
landscape paving method [23] for multicanonical weight
factor determination was employed. This is a special case
of the Wang—Landau techniques [24]. This technique
updates W (E, V) at every MD step t as W (E, V, 1) =
exp{ — Hun(E,V,1)/kgTo} to lower energy barriers. We
obtained an optimal weight factor W (E, V) after this
preliminary simulation for 2.61 ns. We then performed a
long MUBATH MD simulation for data collection for
10 ns after an equilibration process for 10 ps.

For convenience, we discretized E and V into bins and
used histograms to calculate H(E, V). We chose the bin
sizes of AE = 20kcal/mol and AV = 0.1 nm®. In order to
calculate the derivative of 8H(E, V) such as d6H(E, V) /dE
and 96H(E,V)/0V, it is necessary to interpolate the
histogram. We interpolated the histogram by the third-
order polynomial in both E and V to make these
derivatives continuous at the boundaries between two
adjacent bins (see Ref. [11]). Deviation of the value of the
Hamiltonian from its initial value is suppressed by this
polynomial.

,\
&
I
N

E (100 kcal/mol)
|
(8]
T
|

-8 ! ! ! !
0.0 0.2 0.4 0.6 0.8 1.0

t(ns)

In order to compare the MUBATH simulation with the
conventional isobaric—isothermal one, we also performed
the isobaric—isothermal MD simulations of the same
system, which consists of an alanine dipeptide molecule in
63 water molecules. The simulation was carried out at
To = 250K and Py = 0.1 MPa for 1 ns.

4. Results and discussion

We now present the results of our MD simulations.
The time series of potential energy E from the
conventional isobaric—isothermal MD simulation at
To=250K and Py = 0.1 MPa is shown in figure 2(a).
The potential energy fluctuates in a narrow range of
E = —710 ~ —630kcal/mol. On the other hand, figure
2(b) shows that the MUBATH MD simulation realizes a
random walk in the potential-energy space and covers a
wide energy range. The covered range is
E = —730 ~ —280kcal/mol and 5.8 times wider than
that by the isobaric—isothermal MD.

Figure 3(a) shows the time series of volume V obtained
by the conventional isobaric—isothermal MD simulations.
The volume fluctuates only in a range of V=19 ~
2.4nm>. The MUBATH MD simulation, on the other
hand, performs a random walk that covers a range of
V=18 ~ 3.5 nm3, as shown in figure 3(b), which is 3.6
times wider than that by the isobaric—isothermal MD.

(b) -2

| |
» w

E (100 kcal/mol)
& &

|
~

|
o]

0.4 0.6 0.8 1.0
t(ns)

o
o
o
)

Figure 2. The time series of potential energy E from (a) the conventional isobaric—isothermal MD simulation at 7, = 250K and P, = 0.1 MPa and

(b) the MUBATH MD simulation.

(a) 4.0
35 R

30 R

V (nm?3)

25F R

- WA

1'5 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

t(ns)

(b) 4.0 T T T T

V (nm?3)

15 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

t(ns)

Figure 3. The time series of volume V from (a) the conventional isobaric—isothermal MD simulation and (b) the MUBATH MD simulation.
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Figure 4. The time series of the backbone dihedral angle ¢ from (a) the conventional isobaric—isothermal MD simulation and (b) the MUBATH MD

simulation.

The time series of the dihedral angle ¢ in the isobaric—
isothermal MD is given in figure 4(a). The dihedral angle
¢ rotates less than half a rotation (covering less than a 180°
range). This fact shows that it is trapped in local-minimum
free-energy states and does not rotate beyond the energy
barriers. In the MUBATH MD simulation, on the other
hand, ¢ goes through entire rotation (covering 360°) three
times in the time range of 1 ns as shown in figure 4(b). It
rotates 24 times throughout the simulation of 10ns (It is
not shown).

We show the time series of the dihedral angle ¢ in
figure 5. Similarly to the case of ¢, the isobaric—
isothermal MD simulation tends to be trapped in local-
minimum free-energy states. The dihedral angle i rotates
only once during Ins, as shown in figure 5(a). The
efficiency of the MUBATH MD for i is also remarkable as
for ¢. The dihedral angel ¢ experiences entire rotations 24
times during 1ns, as shown in figure 5(b). It rotates 242
times throughout the simulation of 10ns. The wide
rotation ranges of ¢ and ¢ show that the simulation in the
MUBATH ensemble can escape from local-minimum
free-energy states and samples the configurational space
much more widely than the conventional isobaric—
isothermal ensemble.

The probability distributions P(¢, ) of ¢ and ¢ at
T=250K and P =0.1MPa are shown in figure 6.
Figure 6(a) shows that P(¢, i) obtained by the isobaric—
isothermal MD simulation has only three peaks: Py,

() 180 i 'v']['wvnumnl'

90

g 0
-90
-180

0.0 0.2 0.4 0.6 0.8 1.0

t(ns)

Cs, and ap. No other state was sampled by the
isobaric—isothermal MD simulation. It means that the
isobaric—isothermal MD is trapped in the local minima.
Figure 6(b) shows P(¢, i) obtained by the reweighting
procedure at 7=250K and P =0.1MPa from the
MUBATH MD simulation. The MUBATH MD simulation
samples not only the states of Py, Cs, and ap but also ag
and ap. These results indicate again that the MUBATH
simulation can get over the free energy barriers and has a
high sampling efficiency. Peak position of P(¢, i) for each
state is shown in table 1.

5. Conclusions

We applied the MUBATH MD method to alanine
dipeptide in explicit water. This method has an advantage
that the simulation performs a two-dimensional random
walk both in the potential-energy space and in the volume
space so that it allows the simulation to escape from local-
minimum free-energy states. It sampled the states of Py,
Cs, ap, agr, and ;. On the other hand, the conventional
isobaric—isothermal simulation was trapped in local-
minimum free-energy states and sampled not all of them.

The other advantages of the MUBATH MD method are
that one can control temperature and pressure similarly to
real experimental conditions and obtain various isobaric—
isothermal ensemble averages from only one simulation

(b) 180

90

v (%)
o

-90

-180 L
0.0 0.2 0.4 0.6 0.8 1.0

t(ns)

Figure 5. The time series of the backbone dihedral angle i from (a) the conventional isobaric—isothermal MD simulation and (b) the MUBATH MD

simulation.
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Figure 6. The probability distributions P(¢, i) of the backbone dihedral angles ¢ and ¢ at 7= 250K and P = 0.1 MPa from (a) the conventional
isobaric—isothermal MD simulation and (b) the MUBATH MD simulation by the reweighting techniques.

Table 1. Peak position (¢, ) of the probability distribution P(¢,1p) for
each state, which is obtained by the reweighting procedure at 7= 250K
and P = 0.1 MPa from the MUBATH MD simulation.

¢ &
Pu —65° 145°
Cs —145° 155°
ar —65° —45°
a 55° 55°
ap —155° —75°

run. In order to study the temperature and pressure
dependences of the protein structures, one has to
investigate its free energy surface at several values of
temperature and pressure. The MUBATH method will thus
be of great use for the protein folding problem under
various conditions of temperature and pressure.
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